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Quantum cloning of two identical mixed qubits p ® p is studied. We propose the quantum cloning 
transformations not only for the triplet (symmetric) states but also for the singlet (antisymmetric) 
state. We can copy these two identical mixed qubits to M (M > 2) copies. This quantum cloning 
machine is optimal in the sense that the shrinking factor between the input and the output single 
qubit achieves the upper bound. The result shows that we can copy two identical mixed qubits with 
the same quality as that of two identical pure states. 
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No-cloning theorem is one of the most fundamental 
theorems in quantum mechanics and in quantum com- 
putation and quantum information Due to the no- 
cloning theorm, it is possible for us to design quan- 
tum cryptography such as BB840, 6-stateQ quantum 
key distributions and various of their generalizations. 
The no-cloning theorem is also closely related with no- 
signaling theorem in quantum mechanics 

In case we want to copy a quantum state, we 
cannot copy it perfectly but approximately[5j or 
probabilistically [6]. In the past years, much progress 
has already been made in designing quantum cloning 
machines for different purposes [1-14], for reviews and 



references, see 120, 21 



Buzek and Hillery proposed a 
quantum cloning machine with one qubit input and two 
qubits output [5(. The quality of the copies is indepen- 
dent of the input state. This quantum cloning machine 
is called universal quantum cloning machine (UQCM). 
Later this UQCM was proved to be optimal[14j. For 
UQCM, the copies are not the same as the input state, 
but this coping task can always succeed. A different 
quantum cloning machine was proposed in Ref.jy], while 
the coping task can succeed with a probability, but if 
it succeeds, we can always obtain perfect copies. This 
kind of quantum cloning machine is called probabilistic 
quantum cloning machine [f|. Other cloning machines 
such as the asymmetric quantum cloning and the phase- 
covariant quantum cloning are also studied in the past 
years @, @, OH 11, 13] • In this paper, we will restrict 
ourself to the UQCM case. 

Buzek and Hillery's UQCM is for one to two case (one 
input qubit and two output qubits). Gisin and Massar 
[III proposed a N to M (M > N) UQCM and it is 
also proved to be optimal by different methods [3, [HI]. 
Werner 16] proposed a general N to M UQCM not only 
for qubit case but also for a general quantum state in 
d-dimensional system. This quantum cloning machine 
is realized by symmetric projections and it is proved to 
be optimal for two different fidelities [lil Fan et al 
[lH proposed a N to M UQCM following the transfor- 



mations given in Refs.0, Ojj]. This UQCM is optimal 
for identical pure states and also for quantum states in 
symmetric subspace [l9j|. It can be realized b y so me phys- 
ical systems like photon stimulated emission 22 , [23| . The 
super-broadcasting of mixed qubit states which is closely 
related with cloning machine was recently considered in 
Refs.fH, [25| based on the result of Ref.[26]. The ex- 
periments of UQCM were performed in several groups 

3 BE Ej| . 



While considerable works have already been done to 
study various quantum cloning machines, see recent re- 



view papers 
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there are still some simple and ba- 
sic unsolved problems. The simplest case is perhaps to 
copy two identical mixed qubits p ® p optimally. Since 
the UQCM proposed by Fan et alfl]^ only provides the 
cloning transformations for symmetric input states, we 
can copy arbitrary identical pure states and a mixed state 
in symmetric subspace. If the input are two identical 
mixed qubits, we cannot use this UQCM, since one in- 
put state is the singlet state which is not in the symmetric 
subspace. One may consider to simply use Werner [Til ] 
UQCM for this case and do not care about the real input, 
we can show however that this method does not work. 
The simplest example is for case 2 to 2 UQCM, actually 
we do not need to do anything and the cloning is perfect. 
Here we use this example since all known UQCMs do 
work for this case given the input is within their working 
area, i.e., all known UQCMs can copy the input perfectly. 
We may find for case p® p, the antisymmetric states are 
simply deleted by the symmetric projection operators by 
Werner's UQCM. This leads to a result that the output 
state is different from the input state. Thus we may find: 
This UQCM is not universal again for this case, or it is 
not optimal. In this paper, we will consider this problem. 
And we will give an optimal UQCM which can copy two 
identical mixed qubits. 

We should note the work in Ref . [2(| and recent results 
about the superbroadcasting of mixed states in Refs.pJ, 
I25I ] which are closely related with quantum cloning of 
mixed states. Those results arc different from our results 
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in this paper. The main difference between our method 
and the method in Ref. '2 
following: In Refs 




following quantum cloning transformations 



and in Refs.[2J, |25j is the 
261 1 the input identical mixed 



qubits is first divided into two groups which can be in 
tensor product form by mixed states purification. One 
group is the purified state need be cloned and another 
group is state which contains no information and will not 
be cloned. While the method in the present paper is that 
no matter whether the input state contains information 
or not, all purified states will be cloned. And in this 
sense, our result is universal since the cloning procession 
does not depend on the input. We remark that both 
methods in Refs. 24], 25, 2(| and in the present paper are 
reasonable. They can be used for different purposes. 

A 2 to 3 UQCM for mixed states - A mixed state can 
be copied by the same cloning transformation as we copy 
a pure state. Thus the simplest non-trivial cloning task 
of mixed state is to copy two identical mixed states. For 
this aim, we not only need the cloning transformations 
for triplet states in symmetric subspace but also need a 
cloning transformation for the singlet state. We consider 
the UQCM in the sense that the quality of the copies 
is independent of the input states. Since we consider 
arbitrary mixed qubits as input, each output state p^etf ^ 
and the input p should satisfy the scalar form to satisfy 
the universal condition! 15], 
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where / is the shrinking factor, / is the identity. The 
relationship between each input and output state is just 
like the input state goes through a depolarizing channel. 
We can find that the shrinking factor / can describe the 
quality of the copies. If / = 1, the output state is exactly 
the input state. If it is zero, the input state is completely 
destroyed, i.e., the output state is a completely mixed 
state which contains no information. Our aim is to let the 
cloning machine achieve the maximal shrinking factor. 
The optimal shrinking factor has already been obtained 
in Ref. [l5| for identical pure input states. It is obvious 
that the optimal shrinking factor for identical pure states 
is also an upper bound for identical mixed states. The 
problem is whether this bound can be saturated or not 
for the case of two identical mixed qubits, i.e., can we 
copy identical mixed qubits as the same quality as we 
copy identical pure states? 

To present our result explicitly, we first give the result 
for 2 to 3 cloning machine, we have 2 input states and 3 
copies which may be entangled. We consider p to be an 
arbitrary mixed state 

P = zo|T>(T| + ^i|T>ai + ^|4>(TI + ^|l>ai, (2) 

with the restriction that this is a density operator. We 
also use the notations Xo = I TT), Xi = V"V^(| TD + I IT), 
X2 = | II), X3 = 1/V2(| Tl> - I IT))- We propose the 



Uxi ®R = 

Ux2 <8> R : 
U X 3®R = 



~|3T)®i2T + \/~|2U>®iZi, 



i|2U)®# T + J~|T,2|)®i*i, 



i|t,2|)®i? T + Jj|3|)®i^, 



~|2T, I) ®fl T + 7^,21)®^, (3) 



2 i m»/V3 

2 T,l> but 



where Rs in the r.h.s. are ancillary and blank states, 
|2T,I) = (I TTD + I TIT) + I |TT»/V3 is a symmetric state 
with 2 spins up and 1 spin down, similarly for | T, 2 |). 

The state |2U) = (I TTI) + w| TIT) + w 
is almost the same as the symmetric state 
with the phase of uj = e 2 ™/ 3 . R± are ancillary states 
and are orthogonal to each other. It can be checked easily 
that the above relations satisfy the unitary condition. We 
next show that this quantum cloning machine is univer- 
sal and optimal in the sense the relation (pj is satisfied 
and the shrinking factor saturates the optimal bound. 
We expand the input state p (g> p in terms of the 4 ba- 
sis Xij * = 0, 1, 2, 3. By using the cloning transformations 
<j3j> , tracing out the ancillary states R^, Ri, we obtain the 
output state of 3 qubits. This state is a mixed state and 
may be entangled. What we are interested is the reduced 
density operator of each output qubit. One can see that 
each output qubit is the same from the cloning transfor- 
mation ([3]). By some calculations (see the appendix for 
detail), we find the following relation, 
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Really, our cloning transformation ([3]) is universal and 
optimal since the shrinking factor | is optimal [la]. This 
is the first non-trivial quantum cloning of identical mixed 
qubits. We remark that two identical pure qubits can be 
expanded in the symmetric subspace, so the first three 
quantum cloning transformations are enough for identi- 
cal pure states. For general identical mixed states, the 
cloning transformation for singlet state is necessary. 

General 2 to M (M > 2) UQCM.- Next, we shall 
present our general result of 2 to M cloning. The cloning 
machine creates M copies out of 2 identical mixed qubits. 
The quantum cloning transformation is presented as fol- 
lows: 

M-2 



U X o ® R = J2 «ofe|(M - k) T, k |) ® R k , 

k=0 

M-2 

U X i®R=J2 aik ^ M - 1 " fc ) T, (1 + k) I) <8> R k , 

k=0 
M-2 

U X 2®R = «a*|(M - 2 - fc) T, (2 + k) i) ® R k 



k=0 
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U X 3 ® R = Y »ifel( M - 1 - *) T, (1 + k) |) <8> ifc, (5) 
where 



fc=0 



6(M-2)!(M- j-fc)!(j+A;)! 
(2 - j)!(Af + 1)!(M - 2 - k)\j\k\ ' 

j = 0,1, 2. (6) 



As previously, the state \i |, j J.) is a completely symmet- 
rical state with i spins up and j spins down, the state 
\i T> j I) is almost the same as \i T> j |), but each term 

i + j 



has a different phase of 



-th root of unity so that 



\i 1,j i) and \i f,j 1) are orthogonal to each other. 
are ancillary states and are orthogonal for different k. We 
can find that this quantum cloning machine is universal 
and optimal, see appendix for detailed calculations. 



{out) 
Pred. 



M 



2M 



-f>- 



M -2 
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where the shrinking factor (M + 2)/2M achieves the op- 
timal boundfTEl]. Thus we show that we can copy two 
identical mixed qubits as the same quality as we copy 
two identical pure states. 

Discussions and summary. -In summary, we present 
the quantum cloning transformations ([5]) which can copy 
arbitrary two identical mixed qubits. This quantum 
cloning machine is optimal in the sense the shrinking fac- 
tor between single input and output qubit achieves the 
upper bound which is the same as for the pure qubit. 

The optimal quantum cloning is closely related with 
quantum state estimation as presented in Ref . 15| . The 
optimal quantum state estimation are known for identical 
pure states and the mixed state with support in symmet- 
ric subspace. It is not clear how to make a state estima- 
tion for identical mixed states which are not restricted to 
symmetric subspace. In this paper, when M — » oo, the 
quantum cloning machine is naturally a realization of the 
quantum state estimation. Since our cloning transforma- 
tions work for arbitrary identical mixed qubits (includ- 
ing identical pure states and mixed state with support 
in symmetric subspace), we actually provide a universal 
and optimal state estimation for this case. 
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Appendix-First, we denote Ay = XiXj- The density 
operator p® p can be written as, 

p® p = ZqA 00 + z 1 z 2 V2A 01 + zfA Q2 

+ziz 2 V~2A w + (z Q z 3 + z 1 z 2 )A 1 i + ziz 3 V2A 12 

+z 2 1 A 20 + z 2 z 3 V2A 21 + z\A 22 

+ (z z 3 - zxz^A^. (8) 



To do quantum cloning for px p, we shall add blank and 
ancillary state, do unitary transformation U as presented 
in Eqs. (|3l5p . then trace out the ancillary state. The out- 
put state is written as 



piout) =T r m U{pxp®R)U\ 



(9) 



where Tr^^ means tracing out the ancillary state. Since 
the cloning procedure is linear, we then can study the 
Eq.© term by term. We denote the output state of 
term Ay as pij. Then the output state p^ out ^ is in the 
same form as p ® p in Eq. ([8} , the only difference is that 
we should replace Ay by p^ . By using the cloning trans- 
formation 1(5)1 . we have 



Pij 



P33 



M-2 

a lk a* k (\(M-i-k) T,(» + fc) i) 

((M-j-k)t(j + k)i\), 
i, j = 0,1,2 

M-2 

Y, «ife«ifc (|(M-1-A)T,(1 + *) 4) 
k=a 

((M - 1 - AOT, (1 + k) 4| ' 



(10) 



Thus by using the UQCM in Eq.©, we find explicitly 
the output state p (out) . 

Since we use the shrinking factor / to quantify the 
quality of the copies, we need to find the reduced density 
operator of single qubit of the output state TrM-iP^ out ^ ■ 
That means M — 1 qubits are traced out from the output 
state p(° utS > and the single qubit reduced density operator 
is obtained. We first consider the diagonal elements of 
the reduced density operator. From the definition of the 
symmetric state, we know that the state \{M — i) t,i |) 
can be rewritten as the following form, 



\{M-i) T,U) 



\C 



M—i 



C 



|t)|(M-i-i)t,U) 



M 



c 



|!|(M-i)T,(i-l) [)■ 



N 



Since it is a symmetric state, each single qubit reduced 
density operator is the same. It is written as 

Tr M -i|(M-0T,U>><(M-i)T,n| 



C 



M-i 



s-ii—1 

°M— 1 



I TXT I + -^14X11 



M °Af 
M — i i 

' -ITXTI + ttUXH 



M 



M 



(11) 



With the help of the results in ([6]), we know the single 
qubit reduced density operator of pa, i = 0, 1, 2 is 



M-2 



Tr M ^ Pii = Y M 2 ( M t fc lTXi 

fc=0 



M 
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M 



i) a 



M-2 

E 

fe=0 



6(M-2)! (M-i-fe)!(i + fc)! 
(2- i)!z!(M+ 1)! (M-2-A:)!fc! 



M — i — k . 
\ I 1 TXT 



i + k. 



M ' ' m 
Explicitly, we have the following results: 
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Tr M -iPoo 



3M + 2 
4M ' 



TXT 



M-2, 



4M 



Tr M -iPii = TXT I + I I), 



Tr M -iP22 = 4M 2 \ TXT 



3 + 2M 
4M ' 



1X1 I- (13) 



The calculations for case P33 are different from the 
case pn since we have phases for each term in state 
|(M — 1 — fc) T, (1 + k) {). But by careful analyzing, we 
find that these phases do not change the single qubit re- 
duced density operator, and we have 

Tr M _ lP33 = Tr M _ lPn = \{\ TXT I + I IXI I)- (14) 

Finally, let's study the off-diagonal elements of the re- 
duced density operator of p( out \ We have the following 
results: 

M-2 

Tr M -\Pii+\ = ^2 a ik a* +lk Tr M -i\{M - i - k) T, 

fc=0 

(t + k) 1){(M - i - 1 - k) T, (*+ 1 + k) I I 

= 2^ ^fc^+ife ir? 1 TXT 



k=0 



M 



6 



V 7 ^- 0(1 + 



M 2 (M 2 -1) (2-i)!(l + i)! 
w 2 (M-i-fe)!(i + Ar + l)!. 



E 

fc=0 



fe!(M-2-i)! 



T)U 



For cases i = 0, 1, we have 

Tr M -\Pai = Tr M -\P\2 
Similarly, we find 

Tr M -iPw = Tr M -iP2i 



V2(M + 2) 



4M 



V2(M + 2) 
4M 



(15) 



TXH (16) 



4XTI- (17) 



Summarize all of these results together, we have 

M-2 



>ut) _ rr„ n (out) = M + 2 

2M ' 
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This is the result presented in Eq.([7]). 



